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COMBINATORIAL STRUCTURES ON VAN DER WAERDEN
SETS
KONSTANTINOS TYROS
Abstract. In this paper we provide two results. The first one consists an
infinitary version of the Furstenberg-Weiss Theorem. More precisely we show
that every subset A of a homogeneous tree T such that |A∩T (n)|
|T (n)|
> δ, where
T (n) denotes the n-th level of T , for all n in a van der Waerden set, for some
positive real δ, contains a strong subtree having a level sets which forms a van
der Waerden set.
The second result is the following. For every sequence (mq)q of positive
integers and for every real 0 < δ 6 1, there exists a sequence (nq)q of positive
integers such that for every D ⊆
⋃
k
∏k−1
q=0 [nq] satisfying
∣
∣D ∩
∏k−1
q=0 [nq]
∣
∣
∏k−1
q=0 nq
> δ
for every k in a van der Waerden set, there is a sequence (Jq)q , where Jq is
an arithmetic progression of length mq contained in [nq] for all q, such that
∏k−1
q=0 Jq ⊆ D for every k in a van der Waerden set. Moreover, working in an
abstract setting, we obtain Jq to be any configuration of natural numbers that
can be found in an arbitrary set of positive density.
1. Introduction
In 1975 E. Szemere´di [Sz] settling in the affirmative an old conjecture of P. Erdo˝s
and P. Tura´n, established a density version of van der Waerden Theorem. More
precisely, Szemere´di’s Theorem states the following.
Theorem 1. For every integer k with k > 2 and every real δ with 0 < δ 6 1,
there exits a positive integer number n0 having the following property. For every
n > n0 and every subset A of {0, ..., n− 1} with at least δn elements, there exists
an arithmetic progression of length k contained in A. We denote the least such n0
by Sz(k, δ).
It is an easy observation that subsets of the natural numbers of positive upper
Banach density do not necessarily contain infinite arithmetic progressions. However,
using Theorem 1 as a pigeon hole principle, one easily derives that such sets are
van der Waerden, i.e. they contain arbitrarily long arithmetic progressions.
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In the present work we provide two examples of infinitary combinatorial struc-
tures that can be realized on a van der Waerden set. The first one consists of an
infinitary version of a result of Y. Furstenberg and B. Weiss [FuWe] concerning the
existence of “strong” subtrees having an arithmetic progression as a level set in
“big” subsets of a homogeneous tree. Their result actually consists an extensions of
the finitary version of Szemere´di’s Theorem (Theorem 1). Using Furstenberg-Weiss
Theorem as a pigeon hole, we construct infinite strong subtrees having a van der
Waerden set as a level set inside “big” subsets of an infinite homogeneous tree.
The second result included in this work consists of an extension of the main
theorem contained in [TT], which in its turn establishes a density version of a
Ramsey theoretic result [DLT, To]. In particular, it was shown that for every
positive real ε and every sequence (mq)q of positive integers there exists a sequence
(nq)q of positive integers with the following property. For every infinite subset L
of the positive integers and every sequence (Dℓ)ℓ∈L such that Dℓ is a subset of∏ℓ−1
q=0{1, ..., nq} of density at least ε for all ℓ ∈ L, there exist a sequence (Iq)q and
infinite subset L′ of L such that Iq is a subset of {1, ..., nq} of cardinality mq for all
non-negative integers q and the set
∏ℓ−1
q=0 Iq is a subset of Dℓ for all ℓ ∈ L
′. In the
present paper we provide a strengthening of this result which is optimal in several
aspects. Firstly, we show that the set L′ can be chosen to be a van der Waerden
set provided that L itself is a van der Waerden set (this is, clearly, a necessary
condition). Moreover, the sets Iq can be endowed with additional structure. For
instance, each Iq can be chosen to be an arithmetic or a polynomial progression. The
construction of the sequence (Iq)q is effective avoiding, in particular, compactness
arguments as in [TT].
To explicitly state our results we need some pieces of notation. By N we denote
the set of the natural numbers {0, 1, 2, ...} starting from 0. By the term tree we
mean a partial ordered set (T,6) satisfying the following.
(i) The tree T is uniquely rooted, i.e. T admits a minimum with respect to 6.
(ii) For every t ∈ T , the set of the predecessors of t in T is finite and linearly
ordered.
(iii) For every non-maximal t ∈ T , the set of the immediate successors of t in T
is finite.
(iv) The tree T is balanced, i.e. all maximal chains in T are of the same cardi-
nality.
For a tree T , we define the height h(T ) of T to be the cardinality of a maximal
chain in T , while for every node t in T we set ℓT (t) to be the cardinality of the set
{s ∈ T : s < t}. Let us point that T is infinite if and only if h(T ) = ω, where as
usual ω stands for the first infinite cardinal number. Finally, for a tree T and an
integer n such that 0 6 n < h(T ), by T (n) we denote the n-th level of T , that is
the set {t ∈ T : ℓT (t) = n}. The substructures that we are interested in are the
strong subtrees, a notion that was isolated in the 1960s and it was highlighted with
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the work of K. Milliken in [Mi1, Mi2]. A subset S of a tree T is called a strong
subtree of T if the following are satisfied.
(a) S endowed with the induced ordering from T is a tree.
(b) Every level of S is a subset of some level of T .
(c) Every non-maximal s in S has the following property. For every s′ imme-
diate successor of s in S there exists an immediate successor t′ of s in T
such that t′ 6 s′.
The level set of a strong subtree S of a tree T , denoted by LT (S), is the set
{n ∈ N : n < h(T ) and T (n) ∩ S 6= ∅}. If b is a positive integer, then a b-
homogeneous tree T is a tree such that every non-maximal node t in T has exactly b
immediate successors. A tree is called homogeneous, if it is b-homogeneous for some
positive integer b. The result of H. Furstenberg and B. Weiss that we mentioned
above is the following.
Theorem 2. Let b, k be positive integers and δ be a real with 0 < δ 6 1. Then
there exists a positive integer n0 with the following property. For every finite b-
homogeneous tree T of height at least n0 and every subset A of T satisfying
(1) E06n<h(T )
|T (n) ∩ A|
|T (n)|
> δ,
there exists a strong subtree S of T contained in A and having a level set which forms
an arithmetic progression of length k. We denote the least such n0 by FW(b, k, δ).
In [PST] J. Pach, J. Solymosi and G. Tardos offered a combinatorial proof of
Theorem 2 yielding explicit bounds for the numbers FW(b, k, δ). In the present
work we establish the following infinitary version of Furstenberg-Weiss Theorem.
Theorem 3. Let T be an infinite homogeneous tree and A be a subset of T such
that
(2) lim sup
N→∞
E06n<N
|T (n) ∩ A|
|T (n)|
> 0.
Then there exists a strong subtree S of T contained in A and having a level set
which forms a van der Waerden set.
Actually, the above result is an easy consequence of the following, which we will
prove in this paper.
Theorem 4. Let T be an infinite homogeneous tree and A be a subset of T such
that there exist a van der Waerden set L and a real δ with 0 < δ 6 1 such that
(3)
|T (n) ∩ A|
|T (n)|
> δ,
for all n ∈ L. Then there exists a strong subtree S of T contained in A and having
a level set which forms a van der Waerden set.
4 KONSTANTINOS TYROS
In Section 2 we obtain a uniformized version of the Furstenberg-Weiss Theorem
needed for the proof of Theorem 4 which is given in Section 3.
To state our second result we need some additional notation. We denote the set
of the all positive integers by N+. For every set X by X
<ω we denote the set of all
finite sequences in X . The empty sequence is denoted by ∅ and is included in X<ω.
For every positive integer k by [k] we denote the set {1, ..., k}. By convention, [0]
stands for the empty set.
Let Y be a (possibly infinite) set. If X is a nonempty finite subset of Y and A is
an arbitrary subset of Y , then the density of A relative to X , denoted by densX(A),
is the quantity defined by
(4) densX(A) =
|A ∩X |
|X |
.
We will also need the following slight variant of the standard notion of a density
regular family (see, e.g., [Mc1, Mc2]).
Definition 5. A family F of nonempty finite subsets of N+ is called uniformly
density regular if for every 0 < ε 6 1 there exists an integer n0 such that for every
interval I of N+ of length at least n0 and every subset A of I with densI(A) > ε,
the set A contains an element of F . The least such n0 will be denoted by B(F , ε).
Finally, the set of all uniformly density regular families will be denoted by R.
There are several examples of uniformly regular families. The simplest one is
the set of all subsets of the positive integers with exactly k elements where k is
a fixed positive integer. By the famous Szemere´di Theorem [Sz], the set APk of
all arithmetic progressions of length k is also a uniformly regular family; see [G]
for the best known upper bounds for the numbers B(APk, ε). Moreover, for every
choice of polynomials p1, ..., pk taking integer values on the integers and zero on
zero, the family
{
{a+ p1(n), ..., a+ pk(n)} : a ∈ Z and n ∈ Z
}
is uniformly density
regular. This is a consequence of the work of V. Bergelson and A. Leibman [BL].
More examples of uniform density regular families can be found in [FrWi, BM].
We are now ready to state our result.
Theorem 6. Let 0 < δ 6 1. Then there exists a map Vδ : R<ω × N
<ω
+ → N
with the following property. For every sequence (nq)q of positive integers, every
sequence (Fq)q of uniformly regular families, every van der Waerden subset L of
N+ and every sequence (Dk)k∈L such that
(a) n0 > Vδ
(
F0,∅
)
,
(b) nq > Vδ
(
(Fp)
q
p=0, (np)
q−1
p=0
)
for all positive integers q and
(c) Dℓ is a subset of
∏ℓ−1
q=0[nq] of density at least δ for all ℓ ∈ L
there exist a sequence (Iq)q and a van der Waerden subset L
′ of L such that
(i) Iq is an element of Fq contained in [nq] for all q ∈ N and
(ii)
∏ℓ−1
q=0 Iq ⊆ Dℓ for all ℓ ∈ L
′.
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The definition of the map Vδ is based on an auxiliary map T that we will define
in Section 5. The proof of Theorem 6 as well as the definition of the map Vδ are
given in Section 6. Some preliminary work in contained in Section 4.
2. Uniformized version of the Furstenberg-Weiss Theorem
The aim of this section is to obtain a uniformized version of the Furstenberg-
Weiss Theorem. The machinery that we present in this section has been developed
in [DKT]. First, let us recall the definition of the Furstenberg-Weiss measures. For
every tree T , subset A of T and finite subset P of N with maxP < h(T ), we define
the Furstenberg-Weiss measure
(5) dFWT (A|P ) = Ep∈PdensT (p)(A),
where densT (p)(A) is as defined in (4). If T is finite and P is equal to {0, ..., h(T )−1},
then we simply write dFWT (A) instead of d
FW
T (A|P ). Moreover, for a subset A of a
tree T and T ′ strong subtree of T , we set dFWT ′ (A) = d
FW
T ′ (A ∩ T
′).
Theorem 7. Let b, k be positive integers and δ be a real with 0 < δ 6 1. Then
there exists a positive integer n0 with the following property. For every infinite
b-homogeneous tree T , every subset A of T and every arithmetic progression P of
length at least n0 satisfying
(6) dFWT (A|P ) > δ,
there exists a strong subtree S of T contained in A and having a level set which forms
an arithmetic progression of length k. We denote the least such n0 by UFW(b, k, δ).
Theorem 7 follows by Theorem 2 given that we may find a strong subtree T ′ of T
having P as a level set and satisfying dFWT ′ (A) > δ. In order to prove the existence
of such a T ′ we need some notation. First we describe a finite b-homogeneous tree
as the set of all sequences over the set [b] of length less than h(T ). More precisely,
we define the following. Let b a positive integer and n be a non-negative integer.
We set [b]n to be the set of all maps taking values in [b] and having domain the
set {0, ..., n− 1} (if n = 0, then [b]0 = {∅} where ∅ denotes the empty sequence).
We also set [b]<n = ∪06m<n[b]m. It is easy to see that for every pair of positive
integers b, n the set [b]<n endowed with the end-extension ordering ⊑ is a finite
b-homogeneous tree of height n. Conversely, every finite b-homogeneous tree T is
isomorphic to [b]<h(T ). Recall that by [b]<ω we denote the set of all finite sequences
over [b]. It is immediate that [b]<ω endowed with the end-extension ordering is an
infinite b-homogeneous tree and that every infinite b-homogeneous tree is isomorphic
to [b]<ω.
We also need to recall the notion of the convolution operation introduced in
[DKT]. To this end we need some additional notation. Let P = {p0 < p1 < ... <
pn−1} be a non-empty finite subset of N and b be a positive integer. By [b]P we
denote the set of all maps taking values in [b] and having domain the set P . The
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canonical isomorphism associated to P is the bijection IP : [b]
n → [b]P defined by
the rule
(7) IP (x)(pi) = x(i)
for every i ∈ {0, ..., n − 1}. Moreover, for every x1 ∈ [b]P1 and x2 ∈ [b]P2 , where
P1 and P2 are disjoint finite subsets of N, by (x1, x2) be denote the unique element
x ∈ [b]P1∪P2 such that x(i) = x1(i) for all i ∈ P1 and x(i) = x2(i) for all i ∈ P2.
Finally, for every pair of non-negative integers m < n and every x ∈ [b]n, by Rm(x)
we denote the initial segment of x of length m.
Definition 8. Let b be a positive integer and P = {p0 < p1 < ... < P|P |−1} be a
nonempty finite subset of N. For every i ∈ {0, ..., |P | − 1} we set
(8) Pi = {p ∈ P : p < pi} and P i = {n ∈ N : n < pi and n /∈ Pi}.
Also let nP = max(P )− |P |+ 1 and set
(9) XP = [b]
nP .
We define the convolution operation cP : [b]
<|P | ×XP → [b]<ω associated to P as
follows. For every i ∈ {0, ..., |P | − 1}, every t ∈ [b]i and every x ∈ XP we set
(10) cP (t, x) =
(
IPi(t), IP i(R|P i|(x))
)
∈ [b]pi .
By the definitions, the following fact is immediate.
Fact 9. Let b be a positive integer and P be a non-empty finite subset of N. Also
let XP be as defined in (9). Then for every x ∈ XP , we have that the set
(11) {cP (t, x) : t ∈ [b]
<|P |}
forms a strong subtree of [b]<ω having P as a level set.
Actually, the set defined in (11) is a Carlson-Simpson tree (see [DKT] for the
relative definition), but this additional structure is not needed for the purposes of
the present work. We will need the following fact.
Fact 10. Let b be a positive integer and P be a non-empty finite subset of N. Also
let A be a subset of [b]<ω. Then
(12) Ep∈Pdens[b]p(A) = Ei∈{0,...,|P |−1}Et∈[b]iEx∈XP χA
(
cP (t, x)
)
,
where χA denotes the characteristic function of A and XP is as defined in (9).
Proof. Let P = {p0, ..., p|P |−1}. We will prove that for every i ∈ {0, ..., |P | − 1}
(13) dens[b]pi (A) = Et∈[b]iEx∈XP χA
(
cP (t, x)
)
.
Obviously the result follows by (13). Let us fix some i ∈ {0, ..., |P | − 1}. First
observe that for every s ∈ [b]pi there exists unique ts ∈ [b]i such that there exists
x ∈ XP such that cP (ts, x) = s. For every s ∈ [b]
pi , we set Ωs = {x ∈ XP :
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cP (ts, x) = s}. Also observe that there exists unique ws ∈ [b]pi−i such that Ωs =
{x ∈ XP : ws ⊑ x} and therefore
(14) Ex∈XP χ{s}
(
cP (ts, x)
)
= bi−pi .
Thus
(15) Et∈[b]iEx∈XP χ{s}
(
cP (t, x)
)
= b−pi .
Finally, let us observe that cP restricted on [b]
i ×XP is onto [b]pi . Hence
Et∈[b]iEx∈XP χA
(
cP (t, x)
)
= Et∈[b]iEx∈XP
∑
s∈A
χ{s}
(
cP (t, x)
)
=
∑
s∈A∩[b]pi
Et∈[b]iEx∈XP χ{s}
(
cP (t, x)
)
(15)
=
|A ∩ [b]pi |
|[b]pi |
= dens[b]pi (A).
(16)
The proof is complete. 
By Facts 9 and 10 we have the following corollary.
Corollary 11. Let T be an infinite homogeneous tree, P be a non-empty finite
subset of N and A be a subset of T . Then there exists a strong subtree T ′ of T
having P as a level set and satisfying
(17) dFWT ′ (A) = d
FW
T (A|P ).
We are ready to prove Theorem 7.
Proof of Theorem 7. We show that UFW(b, k, δ) 6 FW(b, k, δ). Indeed, let us fix
an infinite b-homogeneous tree T , a subset A of T and an arithmetic progression P
of length at least FW(b, k, δ) such that
(18) dFWT (A|P ) > δ.
Applying Corollary 11 we pass to a strong subtree T ′ of T having P as a level set
and satisfying
(19) dFWT ′ (A) = d
FW
T (A|P ) > δ.
An application of Theorem 2 completes the proof. 
By Theorem 7 we have the following immediate consequence.
Corollary 12. Let b, k be positive integers and δ be a real with 0 < δ 6 1. Then
for every infinite b-homogeneous tree T , every subset A of T and every arithmetic
progression P of N of length at least UFW(b, k, δ) satisfying
(20)
|T (n) ∩ A|
|T (n)|
> δ,
for all n ∈ P , there exists a strong subtree S of T contained in A and having a level
set which forms an arithmetic progression of length k.
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Remark 1. Actually, Theorem 2 and Corollary 12 are equivalent. In order to
establish that Corollary 7 implies Theorem 2, let us fix a pair of positive integers
b, k and a real δ with 0 < δ 6 1. Also let T be a b-homogeneous tree of height
at least Sz
(
UFW(b, k, δ/2), δ/2
)
and A be a subset of T such that (1) is satisfied.
Setting L = {n ∈ {0, ..., h(T ) − 1} : densT (n)(A) > δ/2}, by (1) we have that
|L| > (δ/2)h(T ) and therefore by Theorem 1, there exists an arithmetic progression
P contained in L of length UFW(b, k, δ/2). An application of Corollary 12 provides
us with a strong subtree S of T contained in A and having a level set which forms
an arithmetic progression of length k.
3. Proof of Theorem 4
Let us start by introducing some additional pieces of notation. Let T be a tree
and t be a node of T . We set SuccT (t) = {t′ ∈ T : t 6 t′}. Observe that SuccT (t)
forms a strong subtree of T . Also let n me a non-negative integer with n < h(T )
and A be a subset of T . We define
(21) densT (A|n) = densT (n)(A)
and if ℓT (t) 6 n we set
(22) densT (A|t, n) = densSuccT (t)(A|n− ℓT (t)).
Moreover we will need the following invariants. Let b, k be positive integers and
ρ pe a real with 0 < ρ 6 1. We inductively define a sequence (fq(b, k, ρ))
∞
q=1 as
follows.
(23)
{
f1(b, k, ρ) = UFW(b, k, ρ),
fq+1(b, k, ρ) = UFW(b, fq(b, k, ρ), ρ).
Lemma 13. Let b, k, q be positive integers and ρ be a real satisfying 0 < ρ 6 1.
Also let T1, ..., Tq be infinite b-homogeneous trees, P be an arithmetic progression
of length fq(b, k, ρ) and B1, ..., Bq be subsets of T1, ..., Tq respectively such that
densTj (Bj |p) > ρ for all j ∈ [q] and p ∈ P . Then there exist an arithmetic pro-
gression Q of length k contained in P and strong subtrees S1, ..., Sq of T1, ..., Tq
respectively, such that Sj is contained in Bj and LTj (Sj) = Q for all j ∈ [q].
Proof. We set P0 = P and we inductively construct arithmetic progressions P1, ..., Pq
and strong subtrees S′1, ..., S
′
q of T1, ..., Tq respectively satisfying the following for
every j = 1, ..., q:
(i) Pj is contained in Pj−1 and
(ii) LTj (Sj) = Pj .
The inductive step consists of a straightforward application of Corollary 12. We
set Q = Pq and for every j ∈ [q] we pick a strong subtree Sj of S′j such that
LTj(Sj) = Pj . It is immediate that S1, ..., Sq are as desired. 
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We will also need the following folklore fact, essentially stating that the collection
of all van der Waerden sets forms an coideal. It is an easy consequence of the finitary
version of van der Waerden’s Theorem [vW].
Fact 14. For every finite coloring of a van der Waerden set, one of the colors
forms a van der Waerden set.
Lemma 15. Let δ be a real with 0 < δ 6 1. Also let T be an infinite homoge-
neous tree, A be a subset of T , L be a van der Waerden set and t ∈ T such that
densT (A|t, n) > δ for all n ∈ L with n > ℓT (t). Then for every integer m with
m > ℓT (t), there exist t
′ ∈ SuccT (t) ∩ T (m) and a van der Waerden subset L′ of L
such that minL′ > m and densT (A|t′, n) > δ for all n ∈ L′.
Proof. Let m be an integer with m > ℓT (t). Passing to a final segment of L, if
necessary, we may assume that minL > m. Then for every n ∈ L we have the
following. By the homogeneity of T , we have that
(24) Et′∈SuccT (t)∩T (m)densT (A|t
′, n) = densT (A|t, n) > δ.
Thus there exists t′n ∈ SuccT (t) ∩ T (m) such that densT (A|t
′
n, n) > δ. Since
SuccT (t) ∩ T (m) is finite, by Fact 14 there exist a van der Waerden subset L′
of L and t′ ∈ SuccT (t) ∩ T (m) such that t′n = t for all n ∈ L
′. The proof is
complete. 
We will need the following folklore fact.
Fact 16. Let m be positive integer, δ, ε be reals with 0 < δ, ε 6 1 and a1, ..., am
be non-negative reals such that Ej∈[m]aj > δ. If aj 6 δ + ε
2 for all j ∈ [m], then
setting I = {j ∈ [m] : aj > δ − ε}, we have that |I|/m > 1− ε.
Moreover, for our convenience, for every van der Waerden set L, we set Wd(L)
to be the collection of all van der Waerden sets contained in L.
Lemma 17. Let b, k, q be positive integers and η be a real with 0 < η 6 1. Also let
T1, ..., Tq be infinite b-homogeneous trees, L be a van der Waerden set and A1, ..., Aq
be subsets of T1, ..., Tq respectively such that
(25) densTj (Aj |n) > η
for all j ∈ [q] and n ∈ L. Then there exist an arithmetic progression Q contained in
L of length k, a van der Waerden subset L′ of L with minL′ > maxQ and strong
subtrees S1, ..., Sq of T1, ..., Tq respectively such that for every j ∈ [q] the following
are satisfied:
(i) Sj is contained in Aj,
(ii) LTj (Sj) = Q and
(iii) densTj (Aj |t, n) > η/2 for all t ∈ Sj and n ∈ L
′.
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Proof. For every j ∈ [q], t ∈ Tj and N ∈Wd(L) with minN > ℓtj(T ), we set
dj,t,N = inf
n∈N
densTj (Aj |t, n) and
ξj,N = sup{di,t′,N ′ : t
′ ∈ Tj and N
′ ∈Wd(N) with minN ′ > ℓTj (t
′)}.
(26)
Observe that for every j ∈ [q], t ∈ Tj and N,N ′ ∈ Wd(L) with minN,minN ′ >
ℓtj(T ) and N
′ ⊆ N we have that
(27) dj,t,N 6 dj,t,N ′ .
Also observe that for every j ∈ [q], and N,N ′ ∈Wd(L) with N ′ ⊆ N we have that
ξj,N ′ 6 ξj,N and therefore
(28) ξj,N ′ − ξ
2
j,N ′/18 6 ξj,N − ξ
2
j,N/18.
Claim 1: There exist t1 ∈ T1, ..., tq ∈ Tq with ℓT1(t1) = ... = ℓTq (tq) and L1 ∈
Wd(L) with ℓT1(t1) 6 minL1 such that dj,tj ,L1 > ξj,L1 − ξ
2
j,L1
/18 for all j ∈ [q].
Proof of Claim 1. We set N ′0 = L. We inductively choose a decreasing sequence
(N ′j)
q
j=1 in Wd(L) and t
′
1 ∈ T1, ..., t
′
q ∈ Tq satisfying for every j ∈ [q] the following:
(a) ℓTj (t
′
j) 6 minN
′
j and
(b) dj,t′j ,N ′j > ξj,N ′j−1 − ξ
2
j,N ′j−1
/18
The construction is immediate by (26). We set m = max{ℓTj(t
′
j) : j ∈ [q]} and
N0 = {n ∈ N ′q : n > m}. Applying Lemma 15 we inductively choose a decreasing
sequence (Nj)
q
j=1 in Wd(N0) and t1 ∈ SuccT1(t
′
1)∩T1(m), ..., tq ∈ SuccTq (t
′
q)∩T1(m)
such that
(29) dj,tj ,Nj > ξj,N ′j−1 − ξ
2
j,N ′j−1
/18.
Let L1 = Nq and observe that for every j ∈ [q] we have that L1 ⊆ Nj ⊆ N ′j ⊆ N
′
j−1
and therefore
(30) dj,tj ,L1
(27)
> dj,tj ,Nj
(29)
> ξj,N ′j−1 − ξ
2
j,N ′j−1
/18
(28)
> ξj,L1 − ξ
2
j,L1/18.
Finally observe that minL1 > minN0 > m = ℓT1(t1). The proof of Claim 1 is
complete. 
Claim 2: For every p ∈ L1 and every L
′
1 ∈ Wd(L1) with p 6 minL
′
1 there exist
L′′1 ∈Wd(L
′
1) and B1, ..., Bq subsets of A1∩SuccT1(t1)∩T1(p), ..., Aq ∩SuccTq (tq)∩
Tq(p) respectively such that for every j ∈ [q] we have the following
(1) densTj (Bj |tj , p) > η/2 and
(2) dj,t,L′′1 > η/2 for all t ∈ Bj .
Proof of Claim 2. Let p ∈ L1 and L′1 ∈Wd(L1) with p 6 minL
′
1. We set N0 = L
′
1.
We inductively construct a decreasing sequence (Nj)
q
j=1 in Wd(N0) and B1, ..., Bq
subsets of A1 ∩SuccT1(t1)∩T1(p), ..., Aq ∩SuccTq (tq)∩Tq(p) respectively satisfying
for every j ∈ [q] the following:
(α) densTj (Bj |tj , p) > η/2 and
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(β) dj,t,Nj > η/2 for all t ∈ Bj .
Claim 2 follows easily by the above construction and inequality (27), setting L′′1 =
Nq. Let us assume that for some j ∈ [q] we have chosen (Ni)
j−1
i=0 and if j > 1,
(Bi)
j−1
i=1 satisfying (α) and (β) above. We describe the construction of Bj and Nj .
We set Γ = SuccTj (tj) ∩ Tj(p). For every n ∈ Nj−1 we have the following. By
the homogeneity of the tree Tj, we have that
(31) Et∈ΓdensTj (A|t, n) = densTj (A|tj , n) > dj,tj ,L1 > ξj,L1 − ξ
2
j,L1/18.
The first inequality holds, since n belongs to L1 too, while the second one holds by
Claim 1. Then either
(a) there exists tn ∈ Γ such that densTj (A|tn, n) > ξj,L1 + ξ
2
j,L1
/18, or
(b) for every t ∈ Γ we have that densTj (A|t, n) < ξj,L1 + ξ
2
j,L1
/18.
By Fact 14 there exists N ′j ∈ Wd(Nj−1) such that either (a) occurs for every
n ∈ N ′j or (b) occurs for every n ∈ N
′
j . We will show that (b) occurs for every
n ∈ N ′j by showing that the first alternative leads to a contradiction. Indeed,
assume that (a) occurs for every n ∈ N ′j . By Fact 14 there exist N˜j ∈Wd(N
′
j) and
t ∈ Γ such that tn = t for all n ∈ N˜j . Hence dj,t,N˜j > ξj,L1+ξ
2
j,L1
/18 > ξj,L1 > ξj,N˜j
which is a contradiction by the definition of ξj,L1 in (26). Hence for every t ∈ Γ we
have that
(32) densTj (A|t, n) < ξj,L1 + ξ
2
j,L1/18
for all n ∈ N ′j .
By Fact 16 applied for “δ = ξj,L1 − ξ
2
j,L1
” and “ε = ξj,L1/3” and inequalities
(31) and (32), for every n ∈ N ′j , setting
(33) Dn = {t ∈ Γ : densTj (Aj |t, n) > ξj,L1 − ξ
2
j,L1/18− ξj,L1/3},
we have that |Dn|/|Γ| > 1−ξj,L1/3. Applying Fact 14, we obtain Nj ∈Wd(N
′
j) and
D ⊆ Γ such that Dn = D for all n ∈ Nj . Clearly, densTj (D|tj , p) = |D|/|Γ| > 1 −
ξj,L1/3 and since densTj (Aj |tj , p) > dj,tj ,L1 > ξj,L1−ξ
2
j,L1
/18, setting Bj = Aj ∩D,
we have that
(34) densTj (Bj |tj , p) > ξj,L1 − ξ
2
j,L1/18− ξj,L1/3 > ξj,L1/2 > δ/2.
Moreover, by (33), for every n ∈ Nj , we have that
(35) densTj (Aj |t, n) > ξj,L1 − ξ
2
j,L1/18− ξj,L1/3 > ξj,L1/2 > η/2.
The proof of the inductive step and of the inductive construction is complete. As we
have already noticed Claim 2 follows easily by the above construction and inequality
(27), setting L′′1 = Nq. 
The lemma follows by an iterated use of Claim 2 and an application of Lemma 13.
Indeed, let P be an arithmetic progression of length fq(b, k, η/2) contained in L1.
Set L2 = {n ∈ L1 : n > maxP}. Clearly, L2 is a van der Waerden set. Making
use of Claim 2, we inductively construct a decreasing sequence (Lp)p∈P in Wd(L2)
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and sequences (Bp1)p∈P , ..., (B
p
q )p∈P of subsets of A1∩SuccT1(t1), ..., Aq∩SuccTq (tq)
respectively satisfying for every j ∈ [q] and p ∈ P we have the following
(1) Bpj ⊆ Tj(p),
(2) densTj (B
p
j |tj , p) > η/2 and
(3) dj,t,Lp > η/2 for all t ∈ B
p
j .
For every j ∈ [q] we set Bj = ∪p∈PB
p
j . By (2) above, we have that densTj (Bj |p) >
η/2 for all j ∈ [q] and p ∈ P . By Lemma 13, there exist an arithmetic progression
Q of length k contained in P and strong subtrees S1, ..., Sq of T1, ..., Tq respectively,
such that Sj is contained in Bj and LTj (Sj) = Q for all j ∈ [q]. Setting L
′ = Lq,
the proof is complete. 
Before we proceed to the proof of Theorem 4 let us introduce some additional
notation. Let T be a tree and m be a positive integer with m 6 h(T ). We set
(36) T |m =
m−1⋃
n=0
T (n).
Clearly T |m is strong subtree of T .
Proof of Theorem 4. Let b the branching number of T , i.e the positive integer such
that T is a b-homogenous tree. Let hr = 1+ 2+ ...+ r for every positive integer r.
We inductively construct an increasing sequence (Wr)
∞
r=1 of finite strong subtrees
of T , a sequence (Qr)
∞
r=1 of arithmetic progressions contained in L and a decreasing
sequence (Lr)
∞
r=1 in Wd(L) satisfying for every positive integer r the following.
(a) The arithmetic progression Qr is of length r.
(b) maxQr < minQr+1.
(c) h(Wr) = hr + 1 and LT (Wr |hr) = ∪rj=1Qr.
(d) Wr |hr =Wr+1|hr.
(e) Wr is contained in A.
(f) maxLT (Wr) 6 Lr.
(e) For every t ∈Wr and n ∈ Lr we have that densT (A|t, n) > δ/2r.
By a straightforward application of Lemma 24 for “q = 1”, “k = 2”, “η = δ”,
“T1 = T ” and “A1 = A” we obtain Q1, W1 and L1 as desired. Assume that for
some positive integer r the sequences (Wj)
r
j=1, (Qj)
r
j=1 and (Lj)
r
j=1 have been
chosen satisfying (a)-(e) above. We describe the construction of Wr+1, Qr+1 and
Lr+1.
Let q = |W (hr)| = bhr+1 and (tj)
q
j=1 be an enumeration of the set W (hr). For
every j ∈ [q] we set Tj = SuccTj (tj) and Aj = A ∩ Tj . Also let L
′
r+1 = {n − hr :
n ∈ Lr}. Applying Lemma 24 for “k = r + 2” and “η = δ/2r”, we obtain an
arithmetic progression Q′r+1 of length r + 2 contained in L
′
r+1, a van der Waerden
subset L′′r+1 of L
′
r+1 with maxQ
′
r+1 6 minL
′′
r+1 and strong subtrees S1, ..., Sq of
T1, ..., Tq respectively, such that for every j ∈ [q] the following are satisfied:
(i) Sj is contained in Aj ,
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(ii) LTj (Sj) = Q
′
r+1 and
(iii) densTj (Aj |t, n) > δ/2
r+1 for all t ∈ Sj and n ∈ L′′r+1.
We set Lr+1 = {n + ht : n ∈ L′′r+1}, Qr+1 = {n + ht : n ∈ Q
′
r+1 \ {maxQ
′
r+1}}
and Wr+1 = (Wr |hr) ∪ ∪
q
j=1Sj . It follows readily that Wr+1, Qr+1 and Lr+1 are
as desired and the proof of the inductive construction is complete. Finally, setting
S = ∪∞r=1(Wr|hr), it is immediate that S is a strong subtree of T contained in A
having level set L′ = ∪∞r=1Qr which is a van der Waerden subset of L. 
4. Correlation of measurable events on arithmetic progressions.
This section contains some preliminary work for the proof of Theorem 6. We
proceed to define some numerical invariants. For every 0 < η 6 1 and every integer
k > 2 we set
(37) θ1(k, η) = (η/2) ·
(
Sz(k, η/2)
2
)−1
,
while for every 0 < η 6 1 we set
(38) θ1(1, η) = η.
We will need the following lemma.
Lemma 18. Let 0 < η 6 1 and k be a positive integer. Then for every integer
n with n > Sz(k, η/2) and every family (Ai)
n
i=1 of measurable events in a proba-
bility space (Ω,Σ, µ) such that µ(Ai) > η for all i ∈ [n] there exists an arithmetic
progression P of length k contained in [n] such that
(39) µ
( ⋂
i∈P
Ai
)
> θ1(k, η).
Proof. For k = 1 the result is immediate. Thus, let as assume that k > 2. Fix
n > Sz(k, η/2) and a family (Ai)
n
i=1 of measurable events in a probability space
(Ω,Σ, µ) satisfying µ(Ai) > η for all i ∈ [n]. We set n0 = Sz(k, η/2) and
(40) A = {(i, x) ∈ [n0]× Ω : x ∈ Ai}.
Clearly, the product probability measure dens[n0] ⊗ µ of A is at least η. For every
x ∈ Ω let
(41) Ax = {i ∈ [n0] : (i, x) ∈ A}.
By Fubini Theorem, setting
(42) C =
{
x ∈ Ω : dens[n0](A
x) >
η
2
}
,
we have that C ∈ Σ and µ(C) > η2 . By Theorem 1 and the choice of n0, for
every x ∈ C there exists an arithmetic progression Px of length k contained in Ax.
Observe that for every x ∈ C we have
(43) x ∈
⋂
i∈Px
Ai.
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There are at most
(
n0
2
)
many arithmetic progressions of length k contained in [n0].
Therefore, there exist an arithmetic progression P of length k contained in [n0] and
a measurable subset C′ of C with
(44) µ(C′) > µ(C) ·
(
Sz(k, η/2)
2
)−1 (37)
> θ1(k, η)
and such that Px = P for all x ∈ C′. Invoking (43) we see that C′ ⊆ ∩i∈PAi.
Hence µ(∩i∈PAi) > µ(C′)
(44)
> θ1(k, η) and the proof is completed. 
We will also need a variant of Lemma 18 which is stated in the more general
context of uniformly density regular families. To state it we need, first, to introduce
some further invariants. Specifically, for every 0 < η 6 1 and every uniformly
density regular family F we set
(45) M(F , η) = max
{
|{F ∈ F : F ⊆ I}| : I is an interval of length B(F , η)
}
and we define
(46) θ2(F , η) =
η
4 ·M(F , η/4)
.
Lemma 19. Let 0 < η 6 1 and F be a uniformly density regular family. Also let n
be an integer with n > (2/ε) ·B(F , ε/4) and (Ω,Σ, µ) be a probability space. Finally
let A be a subset of [n]×Ω with (dens[n]⊗µ)(A) > η. Then there exists an element
F of F such that, setting A˜ = {x ∈ Ω : (i, x) ∈ A for all i ∈ F}, we have
(47) µ(A˜) > θ2(F , η).
Proof. We set n0 = B(F , η/4). First we pick a subinterval I of [n] of length n0
such that
(48) (densI ⊗ µ)
(
A ∩ (I × Ω)
)
> η/2
as follows. We set ℓ =
⌊
n/n0
⌋
and we pick I1, ..., Iℓ disjoint subintervals of [n]
each of length n0. We set J = ∪ℓj=1Ij . By the assumptions on n, we have that
dens[n]([n]\J) < η/2. Consequently, since I1, ..., Iℓ are of the same length, we have
that
(49)
η
2
6 (densJ ⊗ µ)
(
A ∩ (J × Ω)
)
=
1
ℓ
ℓ∑
j=1
(densIj ⊗ µ)
(
A ∩ (Ij × Ω)
)
.
Hence for some j0 ∈ [ℓ] we have that (densIj0 ⊗µ)
(
A∩(Ij0×Ω)
)
> η/2. Let I = Ij0 .
For every i ∈ I we set
(50) Ai = {x ∈ Ω : (i, x) ∈ A}
and for every x ∈ Ω we set
(51) Ax = {i ∈ I : (i, x) ∈ A}.
COMBINATORIAL STRUCTURES ON VAN DER WAERDEN SETS 15
By (48) and Fubini Theorem, we have that the set
(52) C =
{
x ∈ Ω : densI(A
x) > η/4
}
is a measurable event of probability at least η/4. Since I is of length B(F , η/4),
for every x ∈ C we have that there exists an element Fx of F contained in Ax. Let
us observe that for every x ∈ C, by the definition of the set Ax, we have that
(53) x ∈
⋂
i∈Fx
Ai.
Since I contains at most M(F , η/4) elements of F , we have that there exist an
element F of F contained in I and a measurable subset C′ of C such that
(54) µ(C′) >
µ(C)
M(F , η/4)
(46)
> θ2(F , η)
and Fx = F for all x ∈ C′. Invoking (53) we have that C′ ⊂ ∩i∈FAi. Setting A˜ as
in the statement, we clearly have that the intersection ∩i∈FAi is subset of A˜. Thus
µ(A˜) > µ(∩i∈FAi) > µ(C′)
(53)
> θ2(F , η) as desired. 
Before we proceed let us introduce some additional notation. Let (Ω,Σ, µ) be a
probability space and B be a measurable event of positive probability. For every
A ∈ Σ we set
(55) µB(A) =
µ(A ∩B)
µ(B)
.
We have the following elementary fact.
Fact 20. Let 0 < η, θ 6 1. Also let (Ω,Σ, µ) be a probability space and A,B be
two measurable events such that µ(A) > η and µ(B) > θ. If µB(A) 6 η/2 then
µ(Ω \B) > η/2 and µΩ\B(A) > η + ηθ/2.
Proof. Assuming that µB(A) 6 η/2 we have the following. First we observe that
(56) µ(Ω \B) > µ(A \B) = µ(A)− µ(A ∩B) > µ(A)− µB(A) > η/2.
Since
η 6 µ(A) = µ(Ω \B) · µΩ\B(A) + µ(B) · µB(A)
6
(
1− µ(B)
)
· µΩ\B(A) + (η/2) · µ(B),
(57)
we have that
µΩ\B(A) > η ·
1− µ(B)/2
1− µ(B)
= η ·
(
1 +
µ(B)/2
1− µ(B)
)
> η + η · µ(B)/2 > η + ηθ/2
(58)
as desired. 
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Lemma 21. Let 0 < η ≤ 1 and k be a positive integer. Also let L be a van
der Waerden set and (Aℓ)ℓ∈L be a family of measurable events in a probability
space (Ω,Σ, µ) such that µ(Aℓ) > η for all ℓ ∈ L. Then there exist an arithmetic
progression P of length k contained in L, a van der Waerden subset L′ of L and a
subset B of ∩i∈PAi such that
(59) µ(B) >
(η
2
)⌊ 2
η·θ1(k,η)
⌋
−1
θ1(k, η)
and µB(Aℓ) > η/2, for all ℓ ∈ L′. Moreover, the set B belongs to the algebra
generated by the family {Aℓ : ℓ ∈ L and ℓ 6 maxR}.
Proof. We set L0 = L and Ω0 = Ω. We pick a positive integer s0 with s0 6⌊
2
η·θ1(k,η)
⌋
and we construct by induction L1, ..., Ls0 and P1, ..., Ps0 such that setting
inductively Bt = (∩i∈PtAi) ∩ Ωt−1 and Ωt = Ωt−1 \Bt for all t = 1, ..., s0, we have
that the following are satisfied.
(i) For every t = 1, ..., s0 we have that Lt is a van der Waerden subset of Lt−1.
(ii) For every t = 1, ..., s0 we have that Pt is an arithmetic progression of length
k contained in Lt−1.
(iii) For every t = 0, ..., s0 − 1 we have µ(Ωt) > (η/2)t.
(iv) For every t = 1, ..., s0 we have µΩt−1 (Bt) > θ1(k, η).
(v) For every t = 0, ..., s0 − 1 we have µΩt(Aℓ) > η + t · η · θ1(k, η)/2 for all
ℓ ∈ Lt.
(vi) For every t = 1, ..., s0 − 1 we have that µBt(Aℓ) < η/2 for all ℓ ∈ Lt.
(vii) µBs0 (Aℓ) > η/2 for all ℓ ∈ Ls0 .
Assume that for some s <
⌊
2
η·θ1(k,η)
⌋
we have constructed (Lt)
s
t=0 and if s > 1,
(Pt)
s
t=1, satisfying (i)-(vi) above. Let (Ωt)
s
t=0 be as defined above. By the inductive
assumption (i), we have that Ls is a van der Waerden set and therefore we may pick
an arithmetic progression P of length Sz(k, η/2) contained in Ls. By the inductive
assumption (v) and Lemma 18 there exists an arithmetic progression Ps+1 of length
k contained in P such that
(60) µΩs(Bs+1) > θ1(k, η),
where Bs+1 = (∩i∈Ps+1Ai) ∩ Ωs. By Fact 14 we pass to a van der Waerden subset
Ls+1 of Ls such that either
(a) µBs+1(Aℓ) > η/2, for all ℓ ∈ Ls+1, or
(b) µBs+1(Aℓ) < η/2, for all ℓ ∈ Ls+1.
If (a) occurs, then we set s0 = s+1 and the inductive construction is complete. Let
us assume that (b) holds. Then invoking (60) and (v) of the inductive assumptions,
by Fact 20, we have that
(61) µΩs+1(Aℓ) > η + (s+ 1) · η · θ1(k, η)/2
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for all ℓ ∈ Ls+1, where Ωs+1 = Ωs \Bs+1. Moreover, by Fact 20 and the inductive
assumptions (iii) and (v) we have that µ(Ωs+1) > (η/2) · µ(Ωs) > (η/2)s+1. The
inductive step of the construction is complete. Finally, let as point out that if
s =
⌊
2
η·θ1(k,η)
⌋
− 1, then (a) has to occur. Indeed, assuming that (b) occurs then
by (61) we would have that the relative probability of Aℓ inside Ωs+1 exceeds 1.
Hence, setting L′ = Ls0 , P = Ps0 and B = Bs0 , we have that L
′ is a van der
Waerden subset of L and P is an arithmetic progression of length k contained in
L. Moreover, we have that B = (∩i∈PAi) ∩ Ωs0−1 ⊆ ∩i∈PAi and
µ(B) =µ(Bs0) = µΩs0−1(Bs0) · µ(Ωs0−1)
(iv),(iii)
> θ1(k, η) · (η/2)
s0−1
>θ1(k, η) · (η/2)
⌊
2
η·θ1(k,η)
⌋
−1
.
(62)
By (vii), we have that µB(Aℓ) > η/2, for all ℓ ∈ L′. Finally, it is immediate
that the set B, by its definition, belongs to the algebra generated by the family
{Aℓ : ℓ ∈ L and ℓ 6 maxR} as desired. 
5. The auxiliary map T
As we have already mentioned the definition of the map Vδ makes use of an
auxiliary map T . Recall that by R we denote the set of all uniformly regular
families (see Definition 5). We define the map T : R<ω×R+ → N, where by R+ we
denote the set of all positive reals, as follows. Let q be a non-negative integer and
((Fp)
q
p=0, ε) be an element of R
<ω × R+. We inductively define (εp)
q
p=0 by setting
(63) ε0 = ε and εp+1 = θ2(Fp, εp)
for all p = 0, ..., q − 1. Finally we set
(64) T
(
(Fp)
q
p=0, ε
)
=
⌈ 2
εq
·B(Fq, εq/4)
⌉
.
We then extend T on R<ω ×R+ arbitrarily. Let us observe, for later use, that if q
is positive then
(65) T
(
(Fp)
q
p=0, ε
)
= T
(
(Fp)
q
p=1, θ2(F0, ε)
)
.
Although the following notation is quite standard in the literature, we include it
below for clarity.
Notation 1. Let q0 < q1 < q2 be non-negative integers and (nq)q be a sequence
of positive integers. Also let x ∈
∏q1−1
p=q0
[np] and y ∈
∏q2−1
p=q1
[np]. By x
ay we denote
the concatenation of the sequences x, y, i.e. the sequence z ∈
∏q2−1
p=q0
[np] satisfying
z(p) = x(p) for all p = q0, . . . , q1 − 1 and z(p) = y(p) for all p = q1, . . . , q2 − 1.
Moreover, for A ⊆
∏q1−1
p=q0
[np] and B ⊆
∏q2−1
p=q1
[np] we set
(66) xaB = {xay : y ∈ B}
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and
(67) AaB =
⋃
x∈A
xaB.
The main property of the map T that we are interested in is described by the
following lemma. Similar results to this one have already been considered (see
[E, ES, GRS]).
Lemma 22. Let 0 < ε 6 1 and q be a non-negative integer. Also set F0, ...,Fq be
uniformly regular families and n0, ..., nq be integers such that np > T
(
(Fs)
p
s=0, ε
)
for all p = 0, ..., q. Finally, let D be a subset of
∏q
p=0[np] of density at least ε.
Then there exists a sequence (Ip)
q
p=0 such that
(i) Ip is an element of Fp contained in [np] for all p = 0, ..., q and
(ii)
∏q
p=0 Ip is subset of D.
Proof. We proceed by induction on q. First let us observe that for q = 0 we have
that T
(
(F0), ε
)
> B(F0, ε) and therefore the result follows immediately by the
definition the number B(F0, ε).
Assume that the statement holds for some q. Fix a real ε with 0 < ε 6 1,
uniformly density regular families F0, ...,Fq+1 and integers n0, ..., nq+1 satisfying
np > T
(
(Fs)
p
s=0, ε
)
for all p = 0, ..., q+1. Finally, let D be a subset of
∏q+1
p=0[np] of
density at least ε. We set Ω =
∏q+1
p=1[np]. Observe that
∏q+1
p=0[np] = [n0] × Ω and
that the probability measures dens∏q+1
p=0[np]
and densn0 ⊗ densΩ are equal. Thus
(densn0 ⊗ densΩ)(D) > ε. Since n0 > T
(
(F0), ε
) (64)
= (2/ε) · B(F0, ε/4), by Lemma
19, there exists an element I0 of F0 such that setting D˜ = {x ∈ Ω : (i, x) ∈
D for all i ∈ I0}, we have that
(68) µ(D˜) > θ2(F0, ε).
By the definition of D˜, it is immediate that
(69) Ia0 D˜ ⊆ D.
Also notice that for every p = 1, ..., q + 1,
(70) np > T
(
(Fs)
p
s=0, ε
) (65)
= T
(
(Fs)
p
s=1, θ2(F0, ε)
)
.
By (68), (70) and the inductive assumption we have that there exists a sequence
(Ip)
q+1
p=1 such that
(a) Ip is an element of Fp contained in [np] for all p = 1, ..., q + 1 and
(b)
∏q+1
p=1 Ip is subset of D˜.
By (b) and (69), we have that
∏q+1
p=0 Ip ⊂ I
a
0 D˜ ⊆ D and the proof is complete. 
Definition 23. Let 0 < ε 6 1 and r be a non-negative integer. Also let L be a van
der Waerden subset of N+ and (nq)q be a sequence of positive integers. We will say
that a sequence (Dℓ)ℓ∈L is (r, ε, (nq)q)-dense if for every ℓ ∈ L with ℓ > r we have
that Dℓ is a subset of
∏ℓ−1
p=r[np] of density at least ε.
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For every 0 < ε 6 1 and every positive integer k we define
(71) θ3(k, ε) =
1
2
·
(ε
2
)⌊ 2
ε·θ1(k,ε)
⌋
· θ1(k, ε).
Finally, we recall that for every non-negative integer n and every sequence x of
length at least n (finite or infinite), by Rn(x) we denote the initial segment of x of
length n.
Lemma 24. Let 0 < ε 6 1, r be a non-negative integer and k be a positive integer.
Also let (Fq)q be a sequence of uniformly density regular families and (nq)q be a
sequence of positive integers such that nq > T
(
(Fp)qp=r, θ3(k, ε)
)
, for all q > r.
Finally, let L be a van der Waerden subset of N+ and (Dℓ)ℓ∈L be (r, ε, (nq)q)-
dense. Then there exist an arithmetic progression P of length k inside L, a van
der Waerden subset L′ of L, a finite sequence (Ip)
r′−1
p=r and an (r
′, ε′, (nq)q)-dense
sequence (D˜ℓ)ℓ∈L′ , where r
′ = maxP and ε′ = ε · 2−(
∏r′−1
p=r np+2), satisfying the
following.
(i) For every p = r, ..., r′ − 1, the set Ip is an element of Fp contained in [np].
(ii) r < minP .
(iii) For every q ∈ P , the set
∏q−1
p=r Ip is a subset of Dq.
(iv) For every ℓ ∈ L′, the set (
∏r′−1
p=r Ip)
aD˜ℓ is a subset of Dℓ.
Proof. Passing to a final segment of L, if it is necessary, we may assume that
r < minL. Let Ω =
∏∞
p=r[np] and µ be the Lebesgue (probability) measure on Ω.
Also let for every ℓ ∈ L, Aℓ = {x ∈ Ω : Rℓ−r(x) ∈ Dℓ}. By Lemma 21, applied for
“η = ε”, there exist an arithmetic progression P of length k contained in L, a van
der Waerden subset L′′ of L and a subset B̂ of ∩i∈PAi such that
(72) µ(B̂) >
(ε
2
)⌊ 2
ε·θ1(k,ε)
⌋
−1
θ1(k, ε),
for every ℓ ∈ L′′ we have µB̂(Aℓ) > ε/2 and the set B belongs to the algebra
generated by the family {Aℓ : ℓ ∈ L and ℓ 6 maxP}. Thus, setting r′ = maxP ,
there exists a subset B of
∏r′−1
p=r [np] such that
(73) dens∏r′−1
p=r [np]
(B) = µ(B̂)
(72)
>
(ε
2
)⌊ 2
ε·θ1(k,ε)
⌋
−1
θ1(k, ε),
for every ℓ ∈ L′′, setting Bℓ = {x ∈
∏ℓ−1
p=r[np] : Rr′−r(x) ∈ B}, we have
(74) densBℓ(Dℓ) > ε/2
and
(75) Rq−r(x) ∈ Dq
for all q ∈ P and x ∈ B. Passing to a final subset L′′, if it is necessary, we may
assume that minL′′ > r′.
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For every ℓ in L′′ we have the following. For each element y in
∏ℓ−1
p=r′ [np] we define
Γy = {z ∈ B : zay ∈ Dℓ}. By (74) and Fubini’s Theorem, we have that the set
D′ℓ = {y ∈
∏ℓ−1
p=r′ [np] : densB(Γy) > ε/4} is of density at least ε/4 inside
∏ℓ−1
p=r′ [np].
Since Γy is subset of B and therefore subset of
∏r′−1
p=r [np], we have that there exist
a subset Γℓ of B and a subset D˜ℓ of D
′
ℓ of density at least (ε/4) · 2
−
∏r′−1
p=r np inside∏r′−1
p=r [np] such that Γy = Γℓ for all y in D˜ℓ. Let as observe that by the choice of
Γℓ and D
′
ℓ we have that
(76) Γaℓ D˜ℓ ⊆ Dℓ and densB(Γℓ) > ε/4.
By Fact 14 there exist a subset Γ of B and a van der Waerden subset L′ of L′′,
such that Γℓ = Γ for all ℓ ∈ L′. Clearly, (D˜ℓ)ℓ∈L′ is (r′, ε′, (nq)q)-dense, where ε′ is
defined in the statement of the lemma. By (71), (73) and (76) we have
(77) dens∏r′−1
p=r [np]
(Γ) = densB(Γ) · dens∏r′−1
p=r [np]
(B) > θ3(k, ε).
Moreover, by (76), we have that
(78) ΓaD˜ℓ ⊆ Dℓ
for all ℓ ∈ L′. Since for every q = r, ..., r′−1 we have that nq > T
(
(Fp)qp=r, θ3(k, ε)
)
,
by (77) and Lemma 22 there exists a sequence (Ip)
r′−1
p=r such that
(a) Ip is an element of Fp contained in [np] for all p = r, ..., r′ − 1 and
(b)
∏r′−1
p=r Ip is subset of Γ.
Since
∏r′−1
p=r Ip ⊆ Γ ⊆ B, by (75) we have that
∏q−1
p=r Ip is subset of Dq for all q ∈ P .
By (b) and (78) we have that
∏r′−1
p=r I
a
p D˜ℓ is subset of Dℓ for all ℓ ∈ L
′ and the
proof is complete. 
6. Definition of the map Vδ and the proof of Theorem 6
Let us recall that by R we denote the set of all uniformly density regular families.
For the sequel, let us adopt for following convection. For a sequence of positive
integers (nq)q and r a non-negative integer, we consider (np)
r−1
p=r to be the empty
sequence and
∏r−1
p=r np to be equal to zero. Fix some real δ with 0 < δ ≤ 1. We
define the map Vδ : R<ω × N
<ω
+ → N as follows. For every non-negative integer q,
every finite sequence (np)
q−1
p=0 of positive integers and every finite sequence (Fp)
q
p=0
of uniformly density regular families we set
(79) Vδ
(
(Fp)
q
p=0, (np)
q−1
p=0
)
= max
06r6q
T
(
(Fp)
q
p=r, θ3(r + 1, δ · 2
−(
∏r−1
p=0 np+2r))
)
Proof of Theorem 6. Let (nq)q be a sequence of positive integers, (Fq)q be a se-
quence of uniformly regular families, L be a van der Waerden subset of N+ and
(Dℓ)ℓ∈L be (0, δ, (nq)q)-dense such that
(80) nq > Vδ
(
(Fp)
q
p=0, (np)
q−1
p=0
)
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for every non-negative integer q. We set L0 = L, r0 = 0 and (D
0
ℓ )ℓ∈L0 = (Dℓ)ℓ∈L.
We inductively construct a sequence of arithmetic progressions (Pn)
∞
n=1 contained in
L, a decreasing sequence of van der Waerden sets (Ln)n, a sequence
(
(Iq)
rn−1
q=rn−1
)∞
n=1
where rn = maxPn for all positive integers n and a sequence
(
(Dnℓ )ℓ∈Ln
)
n
such
that for every non-negative integer n we have the following:
(i) rn < minPn+1.
(ii) (Dnℓ )ℓ∈Ln is (rn, δ · 2
−(
∏rn−1
p=0 np+2rn), (nq)q)-dense.
(iii) If n is positive, then Ip is an element of Fp contained in [np] for every
p = rn−1, ..., rn − 1.
(iv) if n is positive, then Pn is an arithmetic progression of length rn−1 + 1
contained in Ln−1 such that
∏q−1
p=0 Iq ⊆ Dq for every q ∈ Pn.
(v) (
∏rn−1
p=0 Ip)
aDnℓ ⊆ Dℓ for all ℓ ∈ Ln, under the convection
∏−1
p=0 Ip = {∅}.
Notice first that for n = 0 the properties (i)-(v) are satisfied. Assume that for
some non-negative integer n we have constructed (Lm)
n
m=0,
(
(Dmℓ )ℓ∈Lm
)n
m=0
and if
n > 1 we have constructed (Pm)
n
m=1 and
(
(Iq)
rm−1
q=rm−1
)n
m=1
satisfying (i)-(v). Then
for every integer q with q > rn we have that
nq
(80)
> Vδ
(
(Fp)
q
p=0, (np)
q−1
p=0
)
(79)
> T
(
(Fp)
q
p=rn , θ3(rn + 1, δ · 2
−(
∏rn−1
p=0 np+2rn))
)
.
(81)
By (81) and the inductive assumption (ii), we have that the assumptions of Lemma
24 for “ε = δ ·2−(
∏rn−1
p=0 np+2rn) ”, “k = rn+1”, “r = rn”, “L = Ln” and “(Dℓ)ℓ∈L =
(Dnℓ )ℓ∈Ln” are satisfied. Hence there exist an arithmetic progression Pn+1 of length
rn+1 inside Ln, a van der Waerden subset Ln+1 of Ln, a finite sequence (Ip)
rn+1−1
p=rn
and an (rn+1, ε
′, (nq)q)-dense sequence (D
n+1
ℓ )ℓ∈Ln+1, where rn+1 = maxPn+1 and
(82) ε′ = δ · 2−(
∏rn−1
p=0 np+2rn) · 2−(
∏rn+1−1
p=rn np+2) > δ · 2−(
∏rn+1−1
p=0 np+2rn+1),
satisfying the following.
(a) For all p = rn, ..., rn+1− 1, the set Ip is an element of Fp contained in [np].
(b) rn < minPn+1.
(c) For every q ∈ Pn+1, the set
∏q−1
p=rn
Ip is a subset of D
n
q .
(d) For every ℓ ∈ Ln+1, the set (
∏rn+1−1
p=rn
Ip)
aDn+1ℓ is a subset of D
n
ℓ .
By (c) and the inductive assumption (v) we have for every q ∈ Pn+1 that the set∏q−1
p=0 Ip is a subset of Dq. By (d) and the inductive assumption (v) we have for
every ℓ ∈ Ln+1 that the set (
∏rn+1−1
p=rn
Ip)
aDn+1ℓ is a subset of Dℓ. The proof of the
inductive step is complete.
We set L′ = ∪∞n=1Pn. Moreover, observe that rn tends to infinity as n tends to
infinity. Thus L′ is a van der Waerden set. It is straightforward that L′ and (Iq)q
satisfy the conclusion of the Theorem. 
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7. Bounds for the map Vδ.
In this section, we are interested in bounds for the map Vδ. For every positive
integer m, we denote by F[m] the family of all subsets of the positive integers with
m elements. It is immediate that
(83) B(F[m], ε) = ⌈m/ε⌉.
We set
(84) Rc = {F[m] : m is a positive integer}.
We will also need the following remark.
Remark 2. LetR′ be a subfamily ofR and T ′ : R′<ω×R+ → N be a map satisfying
the conclusion of Lemma 22 for F0, ...,Fq from R′. Also let V ′δ : R
<ω × N<ω+ → N
be the map defined as in (79) using T ′ instead of T . Then one can check that V ′δ
satisfies the conclusion of Theorem 6 under the restriction that each Fq is chosen
from R′.
We define T ′ : R<ωc × R+ → N, setting T
′
(
(F[mp])
q
p=0, ε
)
= Tε
(
(F[mp])
q
p=0
)
for every choice of non-negative integer q, positive integers m0, ...,mq and real ε
with 0 < ε 6 1, where Tε is defined in equation (3) from [TT]. We also define
V ′δ : R
<ω × N<ω+ → N as in (79) using T
′ instead of T . Lemma 3 from [TT] yields
that T ′ satisfies the conclusion of Lemma 22. Hence by Remark 2 we have that V ′δ
satisfies the conclusion of Theorem 6. For the sequel we fix a sequence (mq)q of
integers and a real δ satisfying the following.
(i) 0 < δ 6 1 and
(ii) mq > 2 for every non-negative integer q.
We define a maps fc : N→ N inductively as follows. We set
(85) fc(0) = V
′
δ
(
(F[m0]),∅
)
and fc(q + 1) = V
′
δ
(
(F[mp])
q+1
p=0, (fc(p))
q
p=0
)
for all q = 0, 1, .... In particular, we are interested in the rate of growth of the map
fc. We will need the following inequalities. By Lemma 14 of [TT] we have that
(86) T ′
(
(F[mp])
q
p=0, ε
)
6 A2
(
5 log2(1/ε)
q∏
p=0
mp
)
for every non-negative integer q and every 0 < ε 6 δ/2, where A2(x) = 2
x for every
real x. Moreover, by Theorem 18.2 of [G] we have that
(87) Sz(k, ε) 6 A
(3)
2 (log2(1/ε)A
(2)
2 (k + 9)),
for all positive integers k and all reals ε with 0 < ε 6 1.
Proposition 25. We have that fc(q) 6 A
(1+6q)
2
(
5
(
(2/δ2
)
+1) log2(2/δ)m0+
∑q
p=1mp
)
,
for every non-negative integer q.
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Proof. By (37) and (87), for every positive integer k and every 0 < ε 6 1 we have
θ1(k, ε) > ε · [A
(3)
2 (log2(2/ε)A
(2)
2 (k + 9))]
−2
> A2
(
log2(1/ε)
)−1
· A
(2)
2
(
1 +A2
(
log2(2/ε) ·A
(2)
2 (k + 9)
))−1
> A
(2)
2
(
1 +A2
(
log2(2/ε) · A
(2)
2 (k + 9)
))−1(88)
and therefore invoking (71) we have that
θ3(k, ε) >A2
(
1 + (2/ε) log2(2/ε)A
(2)
2
(
1 +A2
(
log2(2/ε) · A
(2)
2 (k + 9)
)))−1
· A
(2)
2
(
1 +A2
(
log2(2/ε) ·A
(2)
2 (k + 9)
))−1
>A
(3)
2
(
3 +A2
(
log2(2/ε)A
(2)
2 (k + 9)
))−1
.
(89)
By (79) and (85), for every positive integer q, we have that
fc(q) 6 T
′
(
(F[mp])
q
p=0, θ3(q + 1, δ · 2
−(
∏q−1
p=0 fc(p)+2q))
)
(86),(89)
6 A2
(
5A
(2)
2
(
3 +A2
(
log2(2/ε)A
(2)
2 (k + 9)
)) q∏
p=0
mp
)
6 A
(6)
2
(
log2(2/δ) +
q−1∏
p=0
fc(p) + 2q +mq
)
.
(90)
By (38) and (71), we have that θ3(1, ε) > (ε/2)
(2/ε2)+1, for all 0 < ε 6 1. Thus by
(79), (85) and (86), we have that
(91) fc(0) = T
′
(
(F[m0]), θ3(1, δ)
)
6 A2
(
5 log2(2/δ)(2/δ
2 + 1)m0
)
.
By inequalities (90), (91) and using induction on q, the result follows. 
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